Abstract. We construct a nonsmoothable Z × Z-action on the connected sum of an Enriques surface and S 2 × S 2 , such that each of generators is smoothable. We also construct a nonsmoothable self-homeomorphism on an Enriques surface.
Introduction
The purpose of this paper is to prove the existence of a nonsmoothable Z × Z-action on a 4-manifold, such that each of generators is smoothable: Theorem 1.1. Let X be the connected sum of an Enriques surface with S 2 × S 2 . Then, there exists a pair (f 1 , f 2 ) of self-homeomorphisms of X which has the following properties:
(1) f 1 and f 2 commute.
(2) Each one of f 1 and f 2 can be smoothed for some smooth structures on X. However, f 1 and f 2 can not be smoothed at the same time for any smooth structure on X.
We also construct a nonsmoothable self-homeomorphism of an Enriques surface.
Theorem 1.2.
There exists a self-homeomorphism of an Enriques surface Y which is nonsmoothable with respect to any smooth structure on Y .
To prove these results, we improve the argument in [2] which analyses the SeibergWitten moduli for families, and give better constraints on diffeomorphisms of 4-manifolds, and then, construct homeomorphisms which violate the constraints.
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Constraints on diffeomorphisms
In this section, we review on the paper [2] , and give some improvements of its results. In the paper [2] , the author investigated the Seiberg-Witten moduli of families of 4-manifolds, and as an application, we gave some constraints on diffeomorphisms of 4-manifolds. Let X be a closed oriented smooth 4-manifold, and B another closed manifold. Let X be a fiber bundle over B whose fiber is X. In order to consider the Seiberg-Witten equations on the family X, we need a Spin c -structurec on the tangent bundle along fiber of X. For this purpose, we gave somewhat complicated sufficient conditions. (See Proposition 2.1 of [2] and its correction [3] .) However, the global Spin c -structurec is not necessary for our application.
Let us consider the situation of a mapping torus: Let f : X → X be a diffeomorphism, and c a Spin c -structure on X. Let I be the interval [0, 1], and X f = (X × I)/f → S 1 the mapping torus by f . Then, the Seiberg-Witten moduli space for the family X f associated to c can be constructed if the pullback f * c is isomorphic to c as follows. Let us consider the trivial family (X, c)×I → I. For b ∈ I, let X b be the fiber over b, and c b the Spin c -structure on X b . Let us define the bundle Π → I of parameters by
where Met(X b ) be the space of metrics on X b , and * g b is the Hodge star associated to the metric g b . When we choose a generic section η of Π, we obtain the moduli space of the family,
where
Note that this identification does not depend on φ because the ambiguity of φ is given by gauge transformations and the moduli spaces are defined as the quotient spaces divided by the gauge transforamtions. Thus we obtain the moduli space for the family X f as
With these understood, we can improve the results in [2] as follows. For a Spin c -structure c on X, let L be the determinant line bundle of c. Then the virtual dimension d(c) of the Seiberg-Witten moduli of (X, c) is given by, Similarly, in the case of a family over S 1 × S 1 defined from two commutative diffeomorphisms, we can prove, Proposition 2.2 (Cf. [2] , Theorem 1.1, [3] ). Let X be a closed oriented smooth 4-manifold with b 1 = 0 and b + = 2, and c a Spin c -structure on X with d(c) = −1. Suppose a pair (f 1 , f 2 ) of orientation preserving diffeomorphisms on X satisfies the following conditions:
(2) There are isomorphisms of Spin c -structures, φ i : f * i c → c for i = 1, 2, such that φ 1 and φ 2 commute.
In this situation, define a vector bundle H
+ (f 1 ,f 2 ) over S 1 ×S 1 by dividing H + (X; R)×[0, 1]× [0, 1] by the relation, (h, 0, t) ∼ (f * 1 h, 1, t), (h, s, 0) ∼ (f * 2 h, s, 1). Then, w 2 H + (f 1 ,f 2 ) = 0.
Nonsmoothable self-homeomorphism on Enriques surface
The purpose of this section is to prove Theorem 1.2. First, we recall that the Enriques surface can be decomposed into three connected summands topologically. Let ι be the antipodal map on S 2 , and ι × ι be the diagonal involution on S 2 × S 2 . Let N be the quotient manifold S 2 × S 2 /ι × ι. Note that N is a non-spin rational homology 4-sphere.
Theorem 3.1 (Okonek [4] , Cf. Hambleton-Kreck [1] ). Every oriented topological 4-manifold which is oriented homotopy equivalent to an Enriques surface has the same homeomorphism type. In particular, if |E 8 | is the "E 8 -manifold", i.e., the simply-connected closed topological 4-manifold whose intersection form is the negative definite E 8 , then Y = |E 8 |#N#(S 2 ×S 2 ) is homeomorphic to an Enriques surface. Now, we will construct a self-homeomorphism of Y . Let ϕ : S 2 × S 2 → S 2 × S 2 be an orientation-preserving diffeomorphism which has the following properties:
(1) There is a 4-ball B 0 ⊂ S 2 × S 2 such that the restriction of ϕ to B 0 is the identity map on B 0 . (2) ϕ * acts on H + (S 2 × S 2 ; R) by multiplication of −1.
Such a ϕ can be easily constructed as follows:
defined by the complex conjugation. Choose a fixed point p 0 of ϕ 0 . Then, a required ϕ is obtained by perturbing ϕ 0 around p 0 to be the identity on a neighborhood of p 0 .
Let us define a self-homeomorphism f on Y by f = id |E 8 |#N #ϕ, where id |E 8 |#N is the identity map of |E 8 |#N. (Note that we can take a connected sum of ϕ with id |E 8 |#N on B 0 ⊂ S 2 × S 2 .) Now, we claim that f is nonsmoothable with respect to any smooth structure on Y . By Proposition 2.1 and the fact that f is an orientation-preserving homeomorphism which reverses the orientation of H + (Y ), Theorem 1.2 is established if the following is proved. Proof. The Spin c -structure c can be identified with the sum of the unique spin structure c 0 on |E 8 |#(S 2 × S 2 ) and a Spin c -structure c N on N whose c 1 (L) is a torsion. Since f is the identity on N, f preserves c N . On the other hand, since c 0 is the unique spin structure on
4. Proof of Theorem 1.1
In this section, we prove Theorem 1.1. For i = 1, 2, let (S i , ϕ i ) be copies of (S 2 × S 2 , ϕ). Let E 1 and E 2 be smooth 4-manifolds homeomorphic to an Enriques surface.
Let Z be |E 8 |#N. Taking a connected sum of Z with S 2 × S 2 produces a manifold homeomorphic to an Enriques surface. Fix a homeomorphism h 1 :
. Take a smooth connected sum of E 1 with S 1 on D 1 , and define the self-diffeomorphism f
and capping it by a 4-ball, we obtain S 1 #Z homeomorphic to an Enriques surface. Fix a homeomorhism h 2 : E 2 → S 1 #Z. Choose a small smooth 4-ball D 2 in E 2 so that h 2 (D 2 ) is in S 1 #Z \ S 1 . Take a smooth connected sum of E 2 with S 2 on D 2 , and define the self-diffeomorphism f
Then, take a connected sum of S 1 #Z with S 2 on h 2 (D 2 ) so that h 2 is extended to a homeomorphism h = 0 by construction. By Proposition 2.2, f 1 and f 2 can not be smoothed at the same time. Thus, Theorem 1.1 is proved.
